Abstract. Following [20] , a desingularization of arbitrary quiver Grassmannians for finite dimensional Gorenstein projective modules of 1-Gorenstein gentle algebras is constructed in terms of quiver Grassmannians for their Cohen-Macaulay Auslander algebras.
1. Introduction 1.1. Gorenstein projective mdules. The concept of Gorenstein projective modules over any ring can be dated back to [4] , where Auslander and Bridger introduced the modules of G-dimension zero over two-sided noetherian rings, and formed by Enochs and Jenda [26] . This class of modules satisfy some good stable properties, becomes a main ingredient in the relative homological algebra, and widely used in the representation theory of algebras and algebraic geometry, see e.g. [4, 6, 26, 12, 32, 8] . It also plays as an important tool to study the representation theory of Gorenstein algebra, see e.g. [6, 12, 32 ].
Gorenstein algebras.
Gorenstein algebra Λ, where by definition Λ has finite injective dimension both as a left and a right Λ-module, is inspired from commutative ring theory. A fundamental result of Buchweitz [12] and Happel [32] states that for a Gorenstein algebra Λ, the singularity category is triangle equivalent to the stable category of the Gorenstein projective (also called (maximal) Cohen-Macaulay) Λ-modules, which generalized Rickard's result [45] on self-injective algebras.
1.3. Cohen-Macaulay Auslander algebras. For any Artin algebra Λ, denote by Gproj Λ its subcategory of Gorenstein projective modules. If Gproj Λ has only finitely many isoclasses of indecomposable objects, then Λ is called CM-finite. In this case, inspired by the definition of Auslander algebra, the Cohen-Macaulay Auslander algebra (also called the relative Auslander algebra) is defined to be End Λ ( n i=1 E i ) op , where E 1 , . . . , E n are all pairwise nonisomorphic indecomposable Gorenstein projective modules, [7, 8, 39] . A CM-finite algebra Λ is Gorenstein if and only if gl. dim Aus(Gproj Λ) < ∞, [39, 8] . Pan proves that for any two Gorenstein Artin algebras A and B which are CM-finite, if A and B are derived equivalent, then their Cohen-Macaulay Auslander algebras are also derived equivalent [43] .
Gentle algebras.
As an important class of Gorenstein algebras [31] , gentle algebras were introduced in [3] as appropriate context for the investigation of algebras derived equivalent to hereditary algebras of typeÃ n . The gentle algebras which are trees are precisely the algebras derived equivalent to hereditary algebras of type A n , see [2] . It is interesting to notice that the class of gentle algebras is closed under derived equivalence, [48] . For singularity categories of gentle algebras, Kalck determines their singularity category by finite products
Preliminaries
Let K be an algebraically closed field. For a K-algebra, we always mean a basic finite dimensional associative K-algebra. For an additive category A, we denote by ind A the isomorphism classes of indecomposable objects in A.
Let Q be a quiver and I an admissible ideal in the path algebra KQ which is generated by a set of relations I. Denote by (Q, I) the associated bound quiver. For any arrow α in Q we denote by s(α) its starting vertex and by t(α) its ending vertex. An oriented path (or path for short) p in Q is a sequence p = α 1 α 2 . . . α r of arrows α i such that t(α i ) = s(α i−1 ) for all i = 2, . . . , r.
Gentle algebras.
We first recall the definition of special biserial algebras and of gentle algebras.
Definition 2.1 ([49]). The pair (Q, I) is called special biserial if it satisfies the following conditions.
• Each vertex of Q is starting point of at most two arrows, and end point of at most two arrows.
• For each arrow α in Q there is at most one arrow β such that αβ / ∈ I, and at most one arrow γ such that γα / ∈ I.
Definition 2.2 ([3]). The pair (Q, I) is called gentle if it is special biserial and moreover the following holds.
• The set I is generated by zero-relations of length 2.
• For each arrow α in Q there is at most one arrow β with t(β) = s(α) such that αβ ∈ I, and at most one arrow γ with s(γ) = t(α) such that γα ∈ I.
A finite dimensional algebra A is called special biserial (resp., gentle), if it has a presentation as A = KQ/ I where (Q, I) is special biserial (resp., gentle).
2.2.
Singularity categories and Gorenstein algebras. Let Γ be a finite dimensional Kalgebra. Let mod Γ be the category of finitely generated left Γ-modules. For an arbitrary Γ-module Γ X, we denote by proj. dim Γ X (resp. inj. dim Γ X) the projective dimension (resp. the injective dimension) of the module Γ X. A Γ-module G is Gorenstein projective, if there is an exact sequence
of projective Γ-modules, which stays exact under Hom Γ (−, Γ), and such that G ∼ = Ker d 0 . We denote by Gproj(Γ) the subcategory of Gorenstein projective Γ-modules.
Observe that for a Gorenstein algebra Γ, we have inj. dim Γ Γ = inj. dim Γ Γ , [32, Lemma 6.9] ; the common value is denoted by G. dim Γ. If G. dim Γ ≤ d, we say that Γ is d-Gorenstein. (1) the algebra Γ is d-Gorenstein;
where Ω is the syzygy functor.
In this case, A module G is Gorenstein projective if and only if there is an exact sequence
For an algebra Γ, the singularity category of Γ is defined to be the quotient category [12, 32, 42] 
gl. dim Aus(Gproj A) = G. dim A.
(v) A is Gorenstein if and only if Cohen-Macaulay Auslander algebra Aus(Gproj A) has finite global dimension.
Geiß and Reiten [31] have shown that gentle algebras are Gorenstein algebras. So their Cohen-Macaulay Auslander algebras have finite global dimensions.
The singularity category of a gentle algebra is characterized by Kalck in [34] , we recall it as follows. For a gentle algebra Λ = KQ/ I , we denote by C(Λ) the set of equivalence classes (with respect to cyclic permutation) of repetition-free cyclic paths α 1 . . . α n in Q such that α i α i+1 ∈ I for all i, where we set n + 1 = 1. Moreover, we set l(c) for the length of a cycle c ∈ C(Λ), i.e. l(α 1 . . . α n ) = n.
For every arrow α ∈ Q 1 , there is at most one cycle c ∈ C(Λ) containing it. We define R(α) to be the left ideal Λα generated by α. It follows from the definition of gentle algebras that this is a direct summand of the radical rad P s(α) of the indecomposable projective Λ-module P s(α) = Λe s(α) , where e s(α) is the idempotent corresponding to s(α). In fact, all radical summands of indecomposable projectives arise in this way. 
There is an equivalence of triangulated categories
where
denotes the triangulated orbit category, see Keller [35] .
From Theorem 2.7, we get that
Furthermore, from its proof, let c ∈ C(Λ) be a cycle, which we label as follows: 1
A classification of indecomposable modules over gentle algebras can be deduced from work of Ringel [46] (see e.g. [14, 50] ). For each arrow β, we denote by β −1 the formal inverse of β with s(β −1 ) = t(β) and t(β −1 ) = s(β). A word w = c 1 c 2 · · · c n of arrows and their formal inverse is called a string of length n ≥ 1 if c i+1 = c −1 i , s(c i ) = t(c i+1 ) for all 1 ≤ i ≤ n − 1, and no subword nor its inverse is in I. We define (c 1 c
. We denote the length of w by l(w). In addition, we also want to have strings of length 0; be definition, for any vertex u ∈ Q 0 , there will be two strings of length 0, denoted by 1 (u,1) and 1 (u,−1) , with both s(1 (u,i) ) = u = t(1 (u,i) ) for i = −1, 1, and we define (1 (u,i) ) −1 = 1 (u,−i) . We also denote by S(Λ) the set of all strings over Λ = KQ/ I .
A band b = α 1 α 2 · · · α n−1 α n is defined to be a string b with t(α 1 ) = s(α n ) such that each power b m is a string, but b itself is not a proper power of any strings. We denote by B(Λ) the set of all bands over Λ.
On S(Λ), we consider the equivalence relation ρ which identifies every string C with its inverse C −1 . On B(Λ), we consider the equivalence relation ρ ′ which identifies every string C = c 1 . . . c n with the cyclically permuted strings
We choose a complete set S(Λ) of representatives of S(Λ) relative to ρ, and a complete set B(Λ) of representatives of B(Λ) relative to ρ ′ .
Butler and Ringel showed that each string w defines a unique string module M (w), each band b yields a family of band modules M (b, m, φ) with m ≥ 1 and φ ∈ Aut(K m ). Equivalently, one can consider certain quiver morphism σ : S → Q (for strings) and β : B → Q (for bands), where S and B are of Dynkin types A n andÃ n , respectively. Then string and band modules are given as pushforwards σ * (M ) and β * (R) of indecomposable KS-modules M and indecomposable regular KB-modules R, respectively (see e.g. [50] ). Let Aut(K m ) be a complete set of representatives of indecomposable automorphisms of K-spaces with respect to similarity. In practice, a string w is of form α
n for α i ∈ Q 1 and ǫ i = ±1 for all 1 ≤ i ≤ n. So w can be viewed as a walk in Q:
where i ∈ Q 0 are vertices of Q and α i are arrows in either directions. In this way, the equivalence relation ρ induces that
is equivalent to
It is similar to interpret ρ ′ if w is a band. We denote by v ∼ w for two strings v, w if v is equivalent to w under ρ.
For any string w = c 1 . . . c n , or w = 1 (u,t) , let u(i) = t(c i+1 ), 0 ≤ i < n, and u(n) = s(w).
We associate a vector (k v ) v∈Q 0 to the string w, this vector is denoted by dim w, and call it the dimension vector of w. From [14] , we get that dim w = dim M (w).
2.3. Quiver Grassmannians. Quiver Grassmannians are varieties parametrizing subrepresentations of a quiver representation. They are introduced by Craw-Boevey( [24] ), Schofield([47] ) to study the generic properties of quiver representations.
For a finite quiver Q, let A = KQ/I be a finite dimensional algebra. We consider finite dimensional representations M of A over K, viewed either as finite dimensional left modules over the path algebra A, or as tuples
We consider the affine space 
The stabilizer under G d of a point M ∈ R d (Q) is isomorphic to the automorphism group Aut Q (M ) of the corresponding representation, which is a connected algebraic group of dimension dim End Q (M ). In particular, we get
The constructions and results in the following follow [47] , see also [17, 18] . Additionally to the above, fix another dimension vector e such that e ≤ d componentwise, and define the Q 0 -graded Grassmannian Gr e (d) = i∈Q 0 Gr e i (M i ), which is a projective homogeneous space for G d of dimension i∈Q 0 e i (d i − e i ). We define Gr We define the quiver Grassmannian Gr Similarly, we define the universal quiver Grassmannian Gr
thus by definition, Gr
A e (M ) is isomorphic to Gr A e (M ) endowed with the reduced structure. However, for any A-module M , Asubmodules of M are the same as its KQ-submodules, so we also denote Gr Proof. First, we assume that Λ is 1-Gorenstein. If there are some arrows α, β such that 0 = βα ∈ I, however, there is no c ∈ C(Λ) such that α, β ∈ c. Without losing generality, by the definition of C(Λ), we can assume that there exists one arrow α i satisfying that there is an arrow α i−1 such that 0 = α i α i−1 ∈ I, but there is no arrow α i+1 such that 0 = α i+1 α i ∈ I. Locally, the quiver Q looks as the following Figure 1 shows, where the vertices can be coincided.
Note that there exists at most one arrow γ 1 starts from i. We assume that j 2 , j 3 are the ending vertices of the longest paths β s . . . β 1 and γ 1 . . . γ t starting from i−1 and i respectively, with β 1 = α i ; j 1 , j 4 , j 5 are the starting vertices of the longest paths η 1 . . . η p , ξ 1 . . . ξ q , δ 1 . . . δ q ending to i − 1, i, j 3 respectively, with η 1 = α i−1 , ξ 1 = α i and δ 1 = γ t .
Denote by P i−1 and P i the indecomposable projective modules corresponding to i − 1 and i respectively, and I j 3 the indecomposable injective module corresponding to j 3 . P i−1 is a string module with string
P i is a string module with string
I j 3 is a string module with string
Then there exists a short exact sequence
where M 1 , M 2 are the string modules with their strings
and
respectively. Note that 0 = M 1 is not injective, so inj. dim P i > 1, and then Λ is not 1-Gorenstein, a contradiction. Conversely, for any indecomposable projective module P , if the corresponding vertex i − 1 lies at a cycle c = α n . . . α 1 ∈ C(Λ), we assume the quiver Q looks as the above Figure 2 shows.
Note that the vertices j 1 , . . . , j 6 are defined as the above. Then there exists a short exact sequence 0 N 2 are the string modules corresponding to strings
respectively. We claim that N 1 and N 2 are injective modules. If N 1 is nonzero and not injective, then there is another arrow µ 1 ending to a. Then ρ 1 µ 1 ∈ I, which implies that ρ belongs to a cycle c ′ ∈ C(Λ) by the assumption. So there exists an arrow µ 2 starting from j 2 such that µ 2 ρ 1 ∈ I, we get that µ 2 β s / ∈ I, so β s . . . β 1 is not the longest string starting from i − 1, a contradiction. Similarly, we can prove that N 2 is injective. Therefore, inj. dim
If the indecomposable projective module P satisfies that its corresponding vertex i−1 does not lie at any cycle c ∈ C(Λ), we assume that the quiver Q looks as the following diagram shows. Note that there are at most one arrow α i starting from i − 1, and at most one arrow α i−1 ending to i − 1.
αi−2 αi−1 αi αi+1 αn β1 β2 βs Figure 3 . The quiver of Q.
Denote by j 0 the starting vertex of the longest path α i−1 . . . α 1 , and n the ending vertex of the longest path α n . . . α i . Also j 1 is the starting vertex of the longest path β 1 . . . β s ending to n. So P i−1 is the string module with string
I n is the string module with string as Figure 3 shows. So there is a short exact sequence
where L 1 is the string module with string
and L 2 is the string module with string
We claim that L 1 and L 2 are injective modules. If L 2 is nonzero and not injective, then there exists one arrow γ 1 ending to a, which implies that β 1 γ 1 ∈ I since β 1 β 2 / ∈ I. By the assumption, we know that there exists one arrow γ 2 starting from n such that γ 2 β 1 ∈ I, then γ 2 α n / ∈ I, contradicts to α n . . . α i is the longest path starting from i − 1. So L 2 is injective. Similarly, we can prove that L 1 is injective. So we get that inj. dim P i−1 ≤ 1.
To sum up, for any indecomposable projective module P , we get that inj. dim P ≤ 1, which yields that inj. dim Λ ≤ 1. Since Λ is Gorenstein, we get that Λ is 1-Gorenstein.
From now on, we only consider gentle algebras Λ which is 1-Gorenstein. For any gentle algebra Λ, from [23] , we know that Λ is CM-finite, and the Cohen-Macaulay Auslander algebra Aus(Gproj Λ) = KQ Aus / I Aus is the algebra with the bound quiver (Q Aus , I Aus ) defined as follows:
• 
}.
Before going on, let us fix some notations. Let Λ be a gentle algebra and Γ be its CohenMacaulay Auslander algebra.
For
It is easy to see that M is actually a Γ-module. Since Im is a functor, we can define a functor Φ : mod Λ → mod Γ such that Φ(M ) := M , with the natural definition on morphisms.
Since (Q, I) is a subquiver of (Q Aus , I Aus ), i.e. Λ is a subalgebra of Γ, we get a restriction functor res : mod Γ → mod Λ. Explicitly, for any N = ((N i , N α ) i∈Q 0 ,α∈Q
res(N ) is defined as follows:
• For any i ∈ Q 0 , (res(N )) i = N i ;
• For any arrow (α : (ii) The functor Φ is fully faithful. In particular, Φ preserves injective and surjective morphisms.
Proof. (i) For any morphism
). For any (α : i → j) ∈ Q cyc 1 , since f is a morphism, we get the following commutative diagram
Since f i = f j = 0 and the first map in the upper row is surjective, we get that f α = 0. So Hom Γ ( M , N ) res − − → Hom Λ (res M , res N ) is injective. The second statement can be proved dually.
(ii) For all M, N in mod Λ, we have a chain of maps
whose composition is the identity, thus the first map is injective. The second map is injective due to (i). So Φ is fully faithful.
Since Λ and Γ are gentle algebras, their indecomposable modules are either string modules or band modules. We describe the action of Φ and res on string modules as follows.
• For a string w = α , and get a word in Γ, denote it by ι(w). Then it is easy to see that ι(w) ∈ S(Γ), we denote its string module by N (ι(w)). Note that
where S α i is the simple module corresponding to α i ∈ Q cyc 1 ⊆ Q Aus 0 . In this way, we get a map ι : S(Λ) → S(Γ), which is injective. It is easy to see that Φ(M (w)) = N (ι(w)).
• For a string v = β 1 β 2 . . . β n ∈ S(Γ), denote the string module by N (v). Denote by v ′ the longest substring of v such that
If α − α + (or its inverse) appears as a subword of v ′ for any arrow α ∈ Q cyc 1 , we replace α − α + (or its inverse) by α (or α −1 ), after doing this repeatedly, finally we can get a word in Λ, denote it by π − (v). Then it is easy to see that π − (v) ∈ S(Λ), we denote its string module by In the first case, ι(α l . . . α 1 ) ∈ S(Λ) is also maximal. In fact, if there exists an arrow in Q Aus 1 , which is either of form ξ ∈ Q 1 ⊆ Q Aus 1 or of form ξ + for some ξ ∈ Q 1 , such that ξι(α l . . . α 1 ) or ξ + ι(α l . . . α 1 ) is also a string, then ξα l / ∈ I in both cases, so ξα l . . . α 1 is a string in S(Λ), a contradiction.
Note that we can view s(α 1 ) to be a vertex in Q Aus 0 . From the structure of Q Aus , there is no other arrow than α 1 (if
is the string of the indecomposable projective Γ-module corresponding to the vertex s(α 1 ) for Γ is gentle.
The second case is similar to the first one, we omit the proof here. For Φ preserves injectives, it is dual to the above, we omit the proof here. Proof. We only prove it for the case when M is an indecomposable Gorenstein projective module.
Case (1). If M is projective, then Lemma 3.4 yields that Φ(M ) is also projective. We denote by i − 1 the vertex corresponding to the indecomposable projective module M .
Case (1a). If the corresponding vertex i − 1 lies at a cycle c = α n . . . α 1 ∈ C(Λ), we assume the quiver Q looks as Figure 2 shows. Then there is short exact sequence:
Lemma 3.3 implies Φ(f ) is also injective. We denote by U 1 (resp. U 2 ) the indecomposable Γ-module corresponding to the string ι(ρ 2 . . .
), and to the string ρ
We claim that U 1 and U 2 are injective. We only prove it for U 1 . If ρ 1 ∈ Q 
Case (1b). If the corresponding vertex i − 1 does not lie at any cycle in C(Λ), we assume that the quiver Q looks as Figure 3 shows. The remaining is similar to Case (1a), we omit the proof here.
Case (2) . If M = R(α i−1 ) for some α i−1 lying on some cycle c = α n . . . α 1 ∈ C(Λ), we assume that the quiver Q looks as Figure 2 shows. Then R(α i−1 ) is the string module with its string β s . . . β 1 . There is a short exact sequence
So Φ(R(α i−1 )) is the Γ-module corresponding to the string ι(β s . . . β 1 ). Denote by U α i the Γ-module corresponding to the string ι(γ t . . . γ 1 )α − i ∈ C(Γ). Since there is only one arrow α − i starting from α i ∈ Q Aus 0 , and γ t . . . γ 1 is maximal, we get that U α i is the indecomposable projective Γ-module corresponding to the vertex α i . From this construction, it is easy to see that the following sequence is a projective resolution of Φ(R(α i−1 )):
since Φ preserves projectives and epimorphisms. So proj. dim Φ(R(α i−1 )) ≤ 1.
We denote by J α i−1 the indecomposable injective Γ-module corresponding to the vertex α i−1 ∈ Q Aus 1 , also U 1 the indecomposable Γ-module corresponding to the string ι(ρ 2 . . .
, and to the string ρ
By the above, U 1 is also injective. Then the following sequence is an injective resolution of Φ(R(α i−1 )):
In conclusion, for any M ∈ Gproj Λ, we have that proj. dim Φ(M ) ≤ 1 and inj. dim Φ(M ) ≤ 1.
Lemma 3.6. Let Λ be a 1-Gorenstein gentle algebra, and Γ be its Cohen-Macaulay Auslander algebra. Then for any M ∈ Gproj Λ, Ext
Proof. We only need prove that for any two indecomposable Gorenstein projective Λ-modules
We also assume the quiver Q looks as Figure 2 shows. Then there is a short exact sequence:
where U α i is the Γ-module corresponding to the string ι(γ t . . . γ 1 )α − i ∈ S(Γ), which is the indecomposable projective module corresponding to the vertex α i ∈ Q Aus 0 ; Φ(P i−1 ) is the indecomposable projective Γ-module corresponding to the vertex i − 1 ∈ Q Aus 0 . Note that f is induced by (α
is projective, which is of form P k corresponding to the vertex k, Then Φ(M 2 ) = Φ(P k ) is also projective. For any nonzero morphism h : U α i → Φ(P k ), we can assume that h is induced by a nonzero path l from k to α i in Γ. Since k ∈ Q 0 ⊆ Q Aus 0 and k = α i , the length of l is not zero. There is only one arrow α + i ending to α i ∈ Q Aus 1 , so l = α + i l ′ for some nonzero path l ′ , which implies that h factors through f . So we get that
is surjective. By applying Hom Γ (−, Φ(P k )) to Sequence (2), we get that
, where β j−1 lies on a cycle β m . . . β 1 ∈ C(Λ), we denote by σ k . . . σ 1 be the string of R(β j−1 ):
For any nonzero morphism p : U α i → Φ(R(β j−1 )), since U α i is the indecomposable projective module corresponding to the vertex α i , we assume that p is induced by a nonzero path l from j − 1 to α i . Since there is only one arrow α + i ending to α i and j − 1 ∈ Q 0 ⊆ Q Aus 0 , we get that l = l ′ α + i . Note that f is induced by α + i . We get that p factors through f as p = p ′ f for some morphism p ′ : Φ(P i−1 ) → Φ(R(β j−1 )). Therefore,
In conclusion, we get that Ext Proof. It follows from Lemma 3.5, Lemma 3.6 and Lemma 2.9 immediately.
Construction of the desingularizations
This section is based on [20, Section 7] . In this section, we always assume that Λ = KQ/ I to be a 1-Gorenstein gentle algebra, and Γ be its Cohen-Macaulay Auslander algebra. For a given Gorenstein projective Λ-module M , a dimension vector e and an isomorphism classes 
, where P i is the indecomposable projective module corresponding to i.
(
is the indecomposable projective module corresponding to s(α), and β is the arrow satisfying αβ ∈ I.
Proof. Without losing generality, we assume that N is indecomposable.
(i) is obvious from the definition of Φ. For (ii), by Sequence (1), there is an exact sequence
Note that N is a string module. Let w be the string of N . By the definition of Φ and ι, it is easy to see that dim N α is equal to the times of w passing through α. Let v be the string of R(β). Then the quiver of Q locally looks like as the following.
Note that v is maximal and Hom Λ (P s(α) , N ) is equal to the times of w passing through s(α). We get that dim Hom Λ (R(β), N ) is equal to the times of w passing through γ if the length of v is not zero, or s(α) is an ending point of v if the length of v is zero. So the times of w passing through α is equal to dim Hom Λ (P s(α) , N ) − dim Hom Λ (R(β), N ), which is also equal to dim N α for any α ∈ Q Then Gr e (M ) is isomorphic to the quotient Hom 0 (e, M )/G e . We have a canonical map
which maps (N, f ) to N . We also denote by π : Hom 0 (e, M ) → Gr e (M ) the locally trivial G e -principle bundle. Then the stratum S [N ] is then defined by
Similar to [20, Proposition 7 .2], we know that if S [U ] has non-empty intersection with
. So dim Hom Λ (P, U ) = dim Hom Λ (P, N ) for all projective representations P , and dim Hom Λ (X, U ) ≥ dim Hom Λ (X, N ) for all non-projectives X (see [10] ). Note that dim U i = dim N i for any i ∈ Q 0 . Now consider the dimension vector of U , resp. of N . Then Lemma 4.2 (i) implies that dim
since R(β) is not projective. This proves dim U ≤ dim N componentwise. For any two Gorenstein projective Λ-modules M and N , we consider quiver Grassmannians for Γ of form Gr dim N ( M ). For [N ] ∈ gsub e (M ), we consider the map 
More precisely, we prove that
By definition of the map π [N ] , this immediately reduces to the following statement: Suppose we are given a subrepresentation U ⊂ M of dimension vector e and a subobject F ⊂ M such that dim F = dim N . Then we have π − (F ) = U if and only if U ⊂ F .
for any i ∈ Q 0 , and thus U = π − (F ). Conversely, suppose that π − (F ) = U and F ⊂ M . Since M is a Gorenstein projective module, π − M = M , and π − is exact, we get that π − (F ) ⊆ M , and then π − (F ) is also a Gorenstein projective Λ-module. We denote by F = ⊕F i , where F i are the indecomposable summands of F . F ⊂ M implies that F i can be the simple Γ-module S α for any α ∈ Q cyc 1 . We denote by w i be the string of F i . Then w i must be one of the following forms
is Gorenstein projective. From the above, we get that there exists a natural injective morphism h : Φ(π − (F )) → F . In fact, π − is exact, we get that π − (ker h) = 0, since
S nα α . However, S α can not be a submodule of Φ(π − (F )), so ker h = 0, and then h is injective. So U = Φ(π − (F )) is a submodule of F .
We can now easily derive the main general geometric properties of the map π 
given by the restrictions of the π [N ] to S N is a desingularization of Gr e (M ).
as in the proof of [20 Proof. Since Λ is self-injective, we get that mod Λ = Gproj Λ. The statement follows from Corollary 4.7 immediately.
In Section 5, we can see that even for self-injective gentle algebras, their quiver Grassmannians can be singular varieties.
Examples
5.1. Self-injective gentle Nakayama algebras. Let Q be the following left quiver and Λ = KQ/ βα, γβ, αγ . Then its Cohen-Macaulay Auslander algebra Γ = KQ Aus / I Aus , where Q Aus is as the following right quiver shows, and the ideal I Aus = {β + α − , γ + β − , α + γ − }. Let M = P 3 ⊕P 3 ⊕S 1 ⊕S 3 . Let e = dim S 3 +2 dim S 1 . We consider the quiver Grassmannian X = Gr e (M ). For simplicity, we restrict our attention to the full subquiver of Q formed by vertices 1, 3. Choosing appropriate basis, the representation M can be written as In this way, the dimension vector e equals (2, 1), thus, identifying Gr 2 (K 3 ) with P 2 , the quiver Grassmannian X can be realized as {((a 0 : a 1 : a 2 ), (b 0 : b 1 : b 2 )) ∈ P 2 × P 2 |a 0 b 0 + a 1 b 1 = 0}, which is a singular projective variety of dimension three.
We also restrict our attention to the full subquiver of Q Aus formed by vertices 1, 3, γ. The Γ-module M = Φ(M ) admits the following explicit form: Figure 5 . Cluster-tilted algebra of type A 5 and its Cohen-Macaulay Auslander algebra.
Let M = P 3 ⊕ R(α 2 ) ⊕ R(α 6 ). Then M is a Gorenstein projective module. Let e = dim P 3 +dim S 1 +dim S 4 . We consider the quiver Grassmannian X = Gr e (M ). For simplicity, we restrict our attention to the full subquiver of Q formed by vertices 1, 3, 4. Choosing appropriate basis, the representation M can be written as In this way, the dimension vector e equals (2, 1, 2), thus, identifying Gr 2 (K 3 ) with P 2 , the quiver Grassmannian X can be realized as {((a 0 : a 1 : a 2 ), (b 0 : b 1 : b 2 ), (c 0 : c 1 : c 2 )) ∈ P 2 × P 2 × P 2 |a 1 b 1 + a 2 b 2 = 0, b 0 c 0 + b 2 c 2 = 0}, which is a singular projective variety of dimension four. We also restrict our attention to the full subquiver of Q Aus formed by vertices 1, 3, 4, 6, 9. The Γ-module M = Φ(M ) admits the following explicit form: with the desingularization map being the projection to the first, third and fifth components.
